This paper is concerned with resonance oscillations occurring when a piston executes small oscillations on one end of a pipe which is open to the atmosphere at the other end. According to linear theory very large amplitudes of pressure and velocity oscillations in the gas in the pipe result when the piston is oscillated with an angular frequency near ~ao/2L , where a o is the sound velocity of the gas and L the length of the pipe. In tile theory of resonators, due to Helmholtz and Rayleigh and discussed in section I, radiation from the open end is taken into account. Then resonance occurs at a frequency slightly below ~Oo, and amplitudes are still very large, as is shown in section I. Therefore a nonlinear theory is developed here, analogous to previous work on resonance oscillations in closed pipes. In section 2 the boundary conditions at the open end are formulated based on the fact that the reservoitconditions are constant at inflow but vary at outflow, since the gas issues as a jet. This difference results in a net efflux of energy to be balanced by the work done by the piston. In sections 3-q a perturbation theory is developed in terms of the characteristics of motion. i. Introduction.
(i. i)and (i. 2) yield infinite values. The reason for this is that whereas for to <t0 o and m > t0o u and p -Po are 90 ~ and -90 ~ out of phase at the piston, they are in phase at ~ = ~0 o. The piston therefore does a nonzero amount of work on the gas. Since this is not balanced by any energy consuming mechanism, amplitudes continue to grow. This is contrary to observation. In the classical theory of resonators due to Helmholtz and Rayleigh, deseribedin the latter's "The Theory of Sound ''(I), this problem is solved by invoking mechanisms which are negligible in a linear theory. The mechanism which keeps amplitudes finite at resonance is in Rayleigh's theory the radiation of energy from the open end. At some distance this may be considered as the site of a source of strenght ~R 2u. On the basis of acoustical theory the velocity potential is accordingly The mean value of the radiated energy E is p ao/(~) 2 ds, is (1.4) where the integration is over a sphere of radius r. Hence p R4 ~2~2 E , ~ being the amplitude of u. a o The mean work done by the piston is with a piston velocity ~05 and a disturbance pressure pou/a o, of the order po~o6~/a o. Making use of (I. 3) and dp] = TP? = ao2 
)
When air is sucked in the pipe the motion in the surrounding air is-as if a sink was /" located at the mouth of the pipe, \ Figure 2 : Motion at open end, when air is sucked in the pipe.
In the classical theory the same type of flow, with reversed sign of arrows, is assumed when air is flowing out. The velocity potential is found by matching the velocity from a potential of the type (1.4) with the velocity in the pipe. With an inviscid fluid this is a reasonable picture of the flow. A real fluid however issues from the pipe as a jet of nearly circular form (figure 3). The pressure in the jet is very nearly equal to ambient pressure.
The difference between out-and inflow is that during inflow the reservoirpressure is constant, whereas this varies during out-_ /0=/6o flow, the mean value being of orcler Oo~ 2 aboveambientpressure This means that a net amount of energy of order po~aleaves the With(f~/L) 2= 0(a/L) this is (ef 1.6)smaller by a factor of order (a/L) 89 th~ the velocity following from the balance between radiated energy and work done by the piston.
Next we formulate the boundary conditions at x = 0 on the basis of the above given flow picture. Due to the sharp edges there is separation of the flow with associated eddy formation. After contracting the flow occupies the whole cross section at station e. For our purpose we assume that this coincides with x = 0, that is to say, we shall neglect the difference between x = 0 and the actual location of e.
To obtain a relation at x = 0 between u e and Pe a momentum consideration is most convenient.
Consider a control surface as in figure 5. 
3, Calculation of the nonlinear oscillations.
The configuration being as in figure i, the motion is with the symbols used in the preceding sections described by We label the ~ characteristics with the value of t at the intersection with the line x = 0 (see figure 6), the ~ characteristics with the value of a at this intersection.
Hence ,~ = /3 at x = 0 (3.6) = t at x = 0 (3. 7)
Figure 6: x, t plane with characteristics a and B.
We expand u, a, x and t in terms* of the small quantity The boundary conditions in the quasi-steady state are in terms of x and t that u = -~ZwL sin wt at x = L + r cos tot (3.13) and the conditions (2.6) and (2.7) at x = 0. Introducing cR 2L -o-6 (3.14) (2.6) can be written as The procedure now is to insert (3. 7) -(3. 12) in the equations (3.2) -(3.5) and the boundary conditions (3.6), (3.7), (3.13) and (3.15) 9
4. Zeroth approximation. The interesting conclusion from this section is that a continuous oscillating function A(~) exists, and to fix ideas wo can on account of (5.8) identify A(~) with the first order velocity at the mouth of the pipe, which obeys all boundary conditions. Excepted for (5.12)A(a) is undeterminas in the first order approximation. We proceed therefore to the second order.
Second approximation.
We need only the equations for the Riemann invariants which are 8u 2 2 aa 2 (6.1) 
This expression must, from (3.13), equal-toL sin tot, which is in this approximation, by virtue of (4.2), (6.5) and (5.12), the same as tool cos ~0or Equating both expressions results with help of (5.8), (5. 12), and(5. 
The equation for A (a) .
In this section we deal with the crucial question how to obtain an equation for the first order solution A(oz). It is worth while to note that the transition Next we take ~ = ~1 -2L/ao. By virtue of (5. 12) for this value of o4A is negative and (6. 7) applies. Substitution of (6. 7) in (6.6) gives with help of (5.12) (This, incidentally, yields the value 2,4 for c in (3. 14)). Equation (7.8) can not be integrated analytically, but is in the form (7. ii) suited for integration on an analog computer.
Some conclusions can be directly drawn from (7.8). To fix ideas we note that at the piston where ~ = o~ -2L/a o + 0(r we have by virtue of (5. 9) and (5.12) is sufficiently large the first term on the left hand side of (7.8)
Substitution in (7.14)gives with a = t + L = t + --~ Remembering that the piston displacement is 5 cos tot it follows that for frequencies well below (in terms of e) too the pressure is at the piston inphase with the displacement and at frequencies well above ~o in antiphase, The solution (7.15) has to match with the linear solution (I. 2), Indeed, evaluation of (I 2) in the neighbourhood of to L _ = gives This result follows from (7.8) by insertion of (7. i0) and by making use of (I. 3) and (7.14).
At resonance there is a phase difference of ~-/2 between pressure at the piston and piston displacement.
For those values of t for which sin too t = 0, dp ~}-tends to infinite values. This is an indication that the present theory has to be improved. Near these values of t A is very small and higher order effects may be of importance.
We have neglected the difference between x = x e and x = 0 (see figure 4 ) in formulating the boundary condition at x = 0. Also we have applied these conditions, for u e > 0 and u e < o, to the approximation A > 0 and A < 0. Before it becomes worth while to carry out refinements of this type, it is necessary to know to what extent the assumed boundary conditions really apply. Mixing of incoming air with air just issued from the pipe, precise position of boundary layer separation at the exit, may significantly affect the boundary condition at the exit. Before a more accurate analysis can be carried out, experimental investigation of the conditions at the exit is needed.
Finally a difficulty must be noted occurring with the solution of (7. ii) on the analog computer.
We are interested in periodic solutions because the whole analysis pertains to a quasi-steady state after a long time has elapsed. Equation ( Since it follows from (7.18)that changing the sign of t and that of gl has the same effect, a solution for gl < 0 can be obtained by first seeking the solution for I gll-Let this solution result in a pressure at the piston with phase r/2 + @ with respect to the piston displacement.
Then the solution for gl has the same amplitude but phase r/2-~] with respect to piston displacement. In this way the quasi-steady solution for gl < 0 was obtained.
Comparison with experiments.
Some experiments were carried out to verify the theory. fig. i ) -x piston is recorded. In the example of figure 7--= -1.57 or (from 6.5) ~ = 3,6 x 10 -2
(Do too
The value of g here is -0.52. The solution for g = 0.52, obtained from the solution for g = 0.52 by the method described in the foregoing section, is shown also in fig. 7 . For the purpose of presentation the scales of the measurements on the scope and of the numerical solution are brought in agreement.
In figure 8 the amplitude of the pressure oscillation at the piston is given as percentage of Po both from experiment and theory.
In figure 9 the phase of the pressure oscillation with respect to piston path is given, as obtained from theory and measurements.
Because the pressure oscillation is not a pure sine, the concept of phase lag is not unambiguous. Here it is based on the difference J.n phase between From fig. 9 it follows that in the measurements the phase difference is more near ~r/2 than in the theory.
(dl On the basis of (7.8) resonance could be expected at -0.65 or Concerning the amplitude of oscillation, it follows that there is a difference between theory and experiment at and immediately near resonance. This 0p fact, together with the singular behaviour at resonance of ~-for p -Po = 0, discussed in section 7, indicated that a more accurate account should be given of the conditions prevailing at the mouth of the pipe. While these conditions are not known exactly the present theory is able to predict the frequency and the order of magnitude of the resonance oscillations adequately. For many engineering purposes no more is needed. Finally something should be said about viscosity effects. These are indirectly taken into account of course in the formulation of the conditions at the mouth of the pipe. The viscosity effects as they are represented in the equation of motion, are neglected in the presented theory since they are of higher order in e. It may be however that the small phase shift due to the action of viscosity plays an inportant part in removing the singularity mentioned above.
The pursuing of this point is left for future research.
